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Abstract: We defined a new subclass of the function class > in the unit disk
associated with a generalized differential operator. We estimated some coefficient
bounds for the functions in the defined new subclass. As special cases, well-known
results were obtained by varying parameters in the main results.
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1. Introduction and Preliminaries

We denote by A the class of regular functions defined in the open unit disk
A = {z:|z] < 1} with the normalization conditions f(0) = f/(0) — 1 = 0 and the
Taylor series expansion,

f(z) =2+ Zakzk (1)

We know that ”"The range of every function of the class S contains a disk {w :
|lw| < 1/4}”, by the Koebe-one quater theorem [3] (Theorem 2.3 pg. 31). Hence
there exists inverse f~! for every function f € S, defined by f~!(f(2)) = z, (2 € A)
and

FUHw) = w, (Jw] <ro(f) :mo(f) = 1/4).
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Where the inverse of f is given by,
fHw) = w—aw® + (2a5w* — az)w® — (5a3 — dagaz + as)w* + ...
= g(w)

A function f € A is said to be bi-univalent if both f and f~!(its inverse) are
univalent in A. We denote by > the class of bi-univalent and analytic functions
in A of the form (1). Using the binomial series,

(1-N"= § (”7)(—1)J’Af,m eEN=1,2,... and j €Ny=0,1,2, ...
- J
j=0

Frasin [4] defined the following differential operator for function f € A,

Df(z) = [(2)
Dy af(z) = (1=N"f(2)+ 1= (1=X")zf(2)
= Dpaf(z) , (A>0;meN).

In general,

T
33
<
=
&

Il

D (D3 f(2))  n € No

= z+ Z[l + (k= 1) (M) apz"

Remark 1.1.
1. For m =1, we get the Al-oboudi differential operator, DY, [1].
2. For m = A =1, we get the Salagean differential operator, D" [7].

We consider P to be the class of Caratheodary functions. i.e., for p(z) € P,
R{p(2)} > 0, p(z) is analytic in A and have the series expansion

p(z) =1+ anz” , z€A.
n=1

Lemma 1.2. [3] If p(z) € P, then |p,| < 2 for each n = 1,2, ...
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2. The function class Sg‘;(m, A @)

Definition 2.1. A function f(z) in >  of the form (1) is said to be in the class
Sgs(m, A a) where (0 < a<1;0<d<1;méeN;n €Ny, A>0) if the following
conditions are satisfied

Fey, larg( D F2) <2 (zen)
) —_— z
N =5)Du f(2) +oDmf(z))' ~ 2
and . ( )
D:Ln PRANC T
€ , : < — eA).
f €2 Vs =5 ) +oDgw) < 2 W€D
Remark 2.2.

1. Whenm=X=1 Sgs(l, La) = Sg’:‘s(a), the class introduced and studied by
Jothibasu [5].

2. Whenm = A =1 and n = 0, Sg’:é(l,l,oz) = S%(a), the class studied by
Murugasundaramoorthy [6].

3. Whenm=X=1andd=n=0, S%O(l, 1,a) = 555-(a), the class of strongly
bi-starlike function studied by Brannan et al., [2].

4. When m = X =n =1 and § = 0, S%O(l,l,a) = SKx(a), the class of
strongly bi-convex function studied by Brannan. et al., [2].

3. Coefficient bounds for the class Sgs(m,/\,a)

Theorem 3.1. For functions f(z) given by (1) is in the class S%é(m, A, ), then
200

a \/4040;”()\)(1 +2¢7(A)*(1 = 0) + A [x (1 + ¢ (N))*"]

and
«Q 402

+
A (L +2¢(N)(1=68) (AL = 0)*(1+ P (N)*
where x = 20(1 + M (A)6)(6 — 1) — (a — 1)(1 = 6)*c*(N)
Proof. From the definition 2.1, it follows that
Dy f(2)

(1= 0)Dps 1 f(2) + 0D, f(2)

las| <

= [p(2))"
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Ditlg(w)
(1—6)Dp \g(w) + 0Dt g(w)

where p(z) and ¢(z) are in P and have the form

= [q(w)]"

p(z) =1+ Zpkzk =1+piz+p2’+..
k=0

g(w) =1+ Z%wk =1+ qu+ g’ + ...
k=0

Equating the coefficients of z, 22, w and w? we have

i (A1 = 0)(1 + ¢f*(A))"az = apy (2)

J

AL+ (N5 — 1)(1+ P (N)2"a2 + 26 (A (1 + 2 (A)"(1 — 6)as

(@ —1)

= (5 pi + pa)ov (3)

—" (W) (1 = 6)(1+c"(N)"as = apy (4)
PN+ (A — 1)(1+ &M(N)2 a3 + 2 (A) (1 + 2¢7(N)" (1 — 8)(2a3 — as)

— e )
from (2) and (4), we have
b1 =—¢ (6)

and by squaring and adding (2) and (4), we have

2(c5" (A))*(1 = 0)*(1 + (V)" a3 = o (p} + q7) (7)
7 + ) = 2(c" (V)" (1 - 1)2 (4™ )

Adding (3) and (5), we have

(2 (A) (L + " (A)d)(6 — 1)(1 + c’j"()\))% + 4T (M) (1 + 2 (A)"(1 — §))a3
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= 2O ) ol + ) )

Using (8) and (9) we have

2 042(292 + ¢2)

“ 7 dacm () (1 + 287 (V) (1= 8) + xe" (V) (1 + (V)"

where x = 2a(1 4 ¢*(A\)d)(6 — 1) — (a — 1)(1 — §)*¢*(A). Now using Lemma 1.1
and triangular inequality we arrive at the desired estimate for |as|.
To find the bound for |az| we subtract (5) from (3), we get

AL+ 267 ()1~ 8)(ay — ) = 201

j ; — @) + (p2 — @2)n.

Using (6) in the above equation we have

a = a<p2_Q2> +a2
ST AN 2 (A1 —6)

Using (7), Lemma 1.1 and triangular inequality we get the bound for |as|.
For m = 1, we get the following corollary

Corollary 3.2. For functions f(z) in the class ngé(l, A, ), then

2
Y T R ES VSIS

and

2
lag| < o n 4o
AMLT420)"(1—=0) A1 =021+ N

where ¢ = 2a(1+X5)(6 — 1) — (o — 1)(1 — )2\
For m = A = 1, we get the result of Jothibasu [5],

Corollary 3.3. For functions f(z) in the class Sgs(a), then

2x
sl = VAa(1—0)3" + 2a(02 — 1) — (a — 1)(1 — 6)ZJ2>"

and
«Q 402

< .
S 31— (d—ep

|as|
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Remark 3.4.

1.

Form =X =1andn = 0 = 0, we get the estimates for the bi-starlike
functions SS3-() results of Brannan et al in [2].

Form = X=n =1 and § = 0, we get the estimates for the bi-convex
functions SKS- () results of Brannan et al in [2].
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